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Summary 
 
A fracture within a porous background is modeled as a thin 
porous layer with increased compliance and finite 
permeability. For small layer thickness, a set of boundary 
conditions can be derived that relate particle velocity and 
stress across a fracture, induced by incident poroelastic 
waves. These boundary conditions are given via 
phenomenological parameters that can be used to examine 
and characterize the seismic response of a fracture. One of 
these parameters, here it is called membrane permeability, 
is shown through several examples to control the scattering 
amplitude of the slow P waves for very low-permeability 
fractures, which in turn controls the intrinsic attenuation of 
the waves.  
 
Introduction 
 
Sedimentary rock is often permeated by fractures, fault and 
joints occurring in sets with a common alignment. When 
background permeability is small, the degree of fracturing, 
the physical nature of the fractures, and their orientation, 
are vital data for understanding the fluid flow in rocks. 
 
In non-permeable media, specifying how the elastic moduli 
of a layer approach zero as the cumulative thickness of the 
layer approaches zero yields a set of phenomenological 
parameters which describe the additional compliance of the 
equivalent medium due to the presence of fractures 
(Schoenberg, 1980). The relation between acoustics and 
flow in permeable media has been described successfully 
by Biot theory, and this same approach will be used to 
derive the acoustic behavior of fractures in permeable 
rocks.  
 
In permeable media, a fracture may also be treated as a thin 
layer. Associated with it is a set P of parameters specifying 
the elastic and flow properties of the layer as a function of 
the layer thickness. As in the case of non-permeable layers, 
natural boundary conditions (open pores for the flow 
condition, no displacement discontinuities at the layer 
boundaries) are applied. Then allowing the thickness to 
approach zero leaves a subset P0 of the parameter set which 
specifies, by way of the actual boundary conditions across 
the fracture, the average behavior of the fracture. It is still 
an open question whether such a surface may be sounded in 
a way that allows the parameters of P0 which control the 
flow in the fracture to be estimated. 
 
 
 
Theory 
 
Our objective is to derive a set of boundary conditions for a 
thin poroelastic layer embedded within a homogeneous 
isotropic background poroelastic medium. The governing 
equations of poroelastic wave propagation can be stated as 
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where u is the local average solid frame displacement,  
w≡φ (U-u) is the relative fluid volume displacement 
defined via u, local fluid displacement in the pore space U  
and porosity φ.  τ is the total stress and pf is the fluid 
pressure. G is the frame shear modulus and KU is the 
undrained bulk modulus. ρ is the bulk density, ρf is the 
fluid modulus, and the parameter ρ%  is defined via fluid 
viscosity ηf and the frequency-dependent permeability k(ω) 
(e.g., Johnson et al., 1987). Definitions of C and M and 
their relationships to other parameters can be found in 
standard poroelasticity literature (e.g., Pride, 2003). 
Solving these equations assuming a plane harmonic wave 
field results in four plane waves (fast and slow P waves and 
two S waves).  
 
Consider an interface across which certain stress and 
displacement (velocity) components are conserved. We 
assume this interface to be normal to the 3rd direction and 
the wave propagation parallel to the 1, 3 plane.  For a 
homogeneous medium, we can assume a plane harmonic 
wave field proportional to exp iω(ξ1 x1-t). The plane wave 
displacement and stress are introduced into Eqs.(1). With 
substitutions ∂/∂x1→iωξ1 and ∂/∂x2→0 and by eliminating 
variables that can be discontinuous across the interface, the 
following coupled first-order differential equations are 
derived (Note: in this paper, an uncoupled shear wave with 
out-of-plane motions is not discussed) 
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where the submatrices are defined as  
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where α=(1-KD/KU)/B and HD=KD+4G/3. KD is the drained 
(dry) bulk modulus and B is the Skempton’s B coefficient. 
Assuming homogeneous material properties, both sides of 
Eq.(2) can be integrated over the thickness h of the layer 
(fracture) located around x3=0 to obtain 
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The vector on the right hand side contains an average of the 
variables across the thickness of the layer representing a 
fracture.  
 
For a fracture thickness h that is much smaller than the 
wavelength, many components of the matrices hQXY and 
hQYX can be negligibly small. However, by defining 
parameters that result in non-vanishing components in the 
coefficient matrices, the behavior of a fracture with an 
unknown thickness can be examined, analogously to the 
way parameters are defined and used for the the linear-slip 
interface conditions for elastic and viscoelastic fractures 
(Schoenberg, 1980). These parameters are 
 
 /  : Dry normal fracture compliance
/    : Shear fracture compliance
DN D
T
h H
h G
η
η
≡
≡
 
 /   : Undrained normal fracture compliance
UN U
h Hη ≡  
  ˆ( ) ( ) /  : Membrane (or interface) permeabilityk hκ ω ω≡  
 
HU is the undrained P-wave modulus defined by 
H=KU+4G/3. It is noted that for very large fracture 
permeability, terms proportional to h/ ρ% =hωk(ω)/iηf  in 
hQYX can also be non-negligible. However, numerical 
simulations indicate that these terms produce no effect on 
the scattering of the waves and can be neglected. 
 
Using these parameters, a set of boundary conditions for a 
compliant fracture is obtained as 
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For continuous variables (with a jump across a fracture 
[·]=0), no distinction is made between the values on the 
boundary and the averaged quantity. The third equation is 
the manifestation of Darcy’s law for a thin layer (Gurevich 
and Schoenberg, 1999), and the last two equations give the 
one dimensional description of stress partitioning within a 
poroelastic medium, including the effective stress law.  
 
For highly permeable (or open) fractures, κˆ (ω) becomes 
large and the right hand side of the third equation can be 
ignored. This allows us to separate the stress variables that 
are continuous across the fracture and the velocity (or 
displacement) variables that are discontinuous across the 
fracture, which results in a set of very simple boundary 
conditions similar to the original linear slip interface 
conditions. 
 
In contrast, for low-permeability (or clogged) fractures, the 
unknown distribution of the variables across the fracture 
needs to be found through the boundary values, e.g., 
fp
+ =pf(x3=h/2) and fp
− =pf(x3=-h/2), to completely define 
the boundary conditions in Eqs.(6). The simplest approach 
is to express the average of the field via an average of the 
two boundary values, e.g., ( ) / 2f f fp p p
+ −= + , or, 
equivalently, to assume linear changes in the field. This 
averaging scheme can be extended to include directly in 
Eq.(5) all the terms in the QXY and QYX, that were neglected 
for small hs. For predicting the behavior of slow P waves, 
however, this approximation can be inaccurate as shown in 
the following examples. 
 
Examples 
 
In the first example, boundary conditions for a poroelastic 
fracture are used to compute plane wave scattering and the 
results are compared to the prediction of a numerical code 
based on the Kennet’s algorithm (Kennet, 1983) using 
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equivalent material properties for the center layer 
representing a fracture, surrounded by half-spaces.  In this 
paper, we focus on the scattering amplitude of incoming 
fast P waves converted into fast and slow P waves, based 
on solid frame displacement (or velocity). 
 
For a set of background material properties considered 
“typical” for high-permeability sandstone with a 
permeability of 10-13 m2 (100 md) and a saturated, 
compliant fracture (dry compliances 
DN
η = 1×10-9 m/Pa and 
Tη =3×10-9 m/Pa) with a thickness h=1 mm, either the 
frequency of the incoming waves or the angle of incidence 
for the incoming fast P wave is varied.  In Fig.1, amplitude 
vs. frequency (top) is shown for normal incidence, and the 
incidence angle vs. amplitude (bottom) is shown for a 
frequency of 1 kHz. The low-frequency results of the three 
models agree well for a high-permeability fracture (Left 
columnof Fig.1: fracture permability/background 
permability =1000). In contrast, significant disagreement is 
present for a low-permeability fracture (Right column of 
Fig.1: the permeability ratio=1/1000) using the “averaging 
scheme” model. For this case, the “continuous stress 
scheme” model was not used because of the expected finite 
jump in the pressure across a fracture. 
 
In the second example, the same material properties as in 
the first example are used. In this case,  only the layer 
model was used to examine if the membrane permeability 
could still have any physical significance even when the 
fracture models did not perform well for very low fracture 
permeability. For five values of static membrane 
permeability κˆ (0), the fracture (layer) thickness was varied 
from 1cm to 1 µm, and the fracture permeability was 
altered accordingly (Fig.2). The results showed that all 
curves with a common κˆ (0) collapsed onto single curves 
below 10 kHz (For lower κˆ (0)’s, two curves are present 
for both transmission and reflection coefficients of the slow 
P waves), which indicates that κˆ can be one of the 
controlling factors to determine the scattering of slow P 
waves.   
               
Figure 1:  Comparison of the plane wave scattering amplitudes from both a layer model (“truth”) and the two fracture models. The amplitudes 
of transmission and reflection coefficients are shown as |TPf|, |RPf| for fast P waves, and |TPs|, |RPs| for slow P waves, respectively, for incident 
fast P waves. 
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Conclusions 
 
A set of boundary conditions can be derived for a 
compliant fracture modeled as a thin poroelastic layer 
embedded in a poroelastic background.  
 
For high-permeability fractures, the boundary conditions 
consist of stress continuity conditions and velocity 
discontinuity conditions (same as the linear-slip interface 
conditions for elastic and viscoelastic fractures). The 
scattering of waves computed by this model agrees well 
with the layer model, which provided the “ground truth”. 
 
For low-permeability (clogged) fractures, both fluid 
velocity and pressure can be discontinuous across the 
fracture. We attempted to solve this problem by 
approximating the velocity and pressure field using a linear 
function determined by known variables on the surfaces of 
a fracture, which slightly improved the prediction for the 
reflection of fast P waves at high frequencies (Fig.1). 
However, the error for the scattering of slow P waves 
increased with decreasing permeability of the fracture. The 
(static) membrane permeability defined via the fracture 
models, however, still plays a significant role in affecting 
the slow P wave scattering for very small fracture 
permeability.  
 
The discrepancies between the results from the layer model 
and the “average scheme” model may be caused by the 
errors in evaluating the average fluid pressure and velocity 
inside the fracture. Within a compliant low-permeability 
fracture, if the excess pressure building up during a passage 
of wave cannot diffuse into the surrounding medium, the 
resulting fluid pressure and velocity distribution may not be 
well approximated by a linear function (Fig.3). In the future 
research, the diffusion of fluid pressure within the fracture 
will be considered explicitly in the derivation of improved 
boundary conditions.  
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Figure 2:  Transmission and reflection coefficients of slow P 
waves for a range of static membrane permeability.  
 
Figure 3:  For a high permeability fracture, the fluid pressure 
across the fracture is continuous, which can be well 
approximated by either continuous or linear (average) model 
For low permeability fracture, however, the elevated fluid 
pressure within the fracture induced by waves, which does not 
have enough time to diffuse out,  is not captured by a linear 
function. 
